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On the Kronecker Structure of linearization of Cubic Two-Parameter Eigenvalue

Problems
Niranjan Bora®*** and Bharati Borgohain?®

Abstract: Linearization is a conventional approach to studying matrix polynomials of the form P(1) : = Zle/lj Aj, where A; € CV™. It
converts the matrix polynomial P (1) into a matrix pencil of the form L(4) : = A + AB of high dimension, where A and B are matrices over
C, and A is the spectral parameter. In this paper, we consider Cubic two-parameter eigenvalue problems (CTEP) and study their three
different linearization processes. Using linearization techniques, a CTERP is first converted into a linear two-parameter eigenvalue
problem (LL2EP) with coefficient matrices of different sizes. The main advantage of these linearizations lies in the fact that, after
transforming them into suitable linearized forms, existing numerical techniques for linear multiparameter eigenvalue problems (LMEP)
can be applied to solve the CTEP without solving the original problem. While solving CTEP by formulating suitable linearizations, several
transformations are generally used. This study reports on these transformations, which have not been studied completely due to the
complexity of their Kronecker structures. The ranks of the associated Delta matrices are also calculated in a detailed manner to bring out
the benefits of using the Tracy-Singh product over others.
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1. Introduction
One-parameter matrix polynomials arise in many physical

applications and have received significant attention from
researchers (Dmytryshyn et al., 2020; Fabbender & Saltenberger,
2018; Gohberg et al., 2009). However, the literature on two-
parameter matrix polynomials remains limited (Hochstenbach et
al., 2015; Jarlebring et al., 2009). The standard form of a two-
parameter matrix polynomial of degree k is given by

L

P(4, 1) : izzu% ZE(AH) M

i=0 j=0 =

where P;; € C™*™, 4, u € Care spectral parameters and E; (4, 1)
is a homogeneous matrix polynomial of degree j such that,

J
B0 = Y ey o)

=0

The standard form of the Polynomial two-parameter eigenvalue
problem (PTEP), which is the generalization of the Polynomial
eigenvalue problem (PEP), comprises two bivariate matrix
polynomials of the form
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k k-i
Py (A, w)xy 1= Z Ai#injxl =0,

=0 j=0

lk 5{ i (3)
Py (4, 1%z 1= Z A Bijx, = 0,

i=0 j=0

where A;; € C">™; B;; € C"2*™2 and x; € C™, i:=1,2 are
non zero vectors. The problem is to find the scalars A, 4 € C and
the corresponding non zero vectors x; € C™, i : = 1: 2 such that
P; (A, wx; : = 0. The pair (4, 1) € €2 is called the eigenvalue and
the corresponding tensor product x : = x; & x, is called the right
eigenvectors. Similarly, a tensor product v; @ v, is called a left
eigenvector of the PTEP if v; #0; i:=1:2, satisfies
v;P;(4, 1) = 0. For k = 2, the Equation defined in (3) is reduced
to a Quadratic two-parameter eigenvalue problem (QTEP), and
for k = 3, itis reduced to a CTEP.

PTEIP topic emerges in the analysis of critical delay differential
equations (Jarlebring & Hochstenbach, (2009); Meerbergen et al.,
(2013)). For instance, the neutral commensurate differential
equations (Hochstenbach et al., (2005)) with multiple delays
(m>1) (Hochstenbach et al.,, (2015)). Two methodological
approaches exist to address this phenomenon. The first approach
enables parametrization of surfaces or curves corresponding to
the critical delay using m-1 independent variables. The second
approach posits that the delays are commensurate, functioning
as integer multiples of a specific delay value t=0. The delay
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differential equation featuring commensurate delays, wherein
delays operate as integer multiples of a delay value T, is

Nox(t) = My, x(t — 1k), (4)

where My, N, € C™*™, The associated eigenvalue problem is,

<Z ekt M, — /1N0> x=0. (5)

k=0

In stability analysis, the purely imaginary eigenvalues are
preferred. For this reason, consider A = iw and u = e™. Their
conjugates are A = —1 and ji = u~*. Taking complex conjugates
of the Equation (5) and rearranging terms we obtain,

m
—Mx = Au™Nox + Z uk My _ix,
=1

m
Moy = ANgy — Z 1 Myy.
k=1

Equation (6) motivates the study of the eigenvalue problem in
the following form

m m
Mx = /12 pE Ny pex + Z uk Cypx,
=0 =1

m m
My =2 Z 1 Ny gy + Z 1* Cypey,
k=0 k=1

which is the general form of PTEP. PTEP also arises in the
study of bivariate polynomials (Plestenjak, 2017; Plestenjak &
Hochstenbach, 2016), and the references therein.

2. Preliminaries

There are two types of numerical approaches for solving PTEIP:
those that deal directly with the problem and those that compute
eigenvalues of linearized forms. The usual method to solve the
PTEP defined in (3) is by linearizing it into an L2ZEP of larger
dimension. The linearized version of problem (3) is singular and
can be solved by adopting the method proposed in (Dooren, 1997;
Muhi¢ & Plestenjak, 2009; Kosir & Plestenjak, 2022). Moreover,
the Jacobi-Davidson method developed in Hochstenbach et al.
(2015) can be applied directly to PTEP instead of the linearized
problem. Linearization is a classical approach to investigating the
[PEP. Details on linearization of one-parameter matrix
polynomials are found in the works of Mackey et al. (2006), Bueno
et al. (2018), Das and Alam (2019), Das (2020), Higham et al.
(2006), and Lancaster (2008), and the references therein.
Literature on linearizations for quadratic matrix polynomials is
found in Kressner and Glibi¢ (2023) and Lancaster and Zaballa
(2021). The linearization process influences the sensitivity of
eigenvalues. Therefore, it is important to identify potential
linearizations and study their constructions. The linearized form
of two-parameter polynomials has a somewhat complicated
structure compared to the one-parameter case. Literature on
linearization of QTEP is found in the works of Tisseur and
Meerbergen (2001), Muhi¢ and Plestenjak (2010), and
Hochstenbach et al. (2012), and numerical methods are found in
Plestenjak (2016) and Dong (2022). In this paper, we provide a
general framework for the canonical structure of the linearized
form of CTEP, which can be considered a continuing thread to
study the general PTEP of degree k.

This paper is organized as follows: Section 2 contains basic
preliminaries. Section 3 contains the problem formulation and its
basic theory. Section 4 contains a unified framework on different
linearization techniques of CTERP. In Section 5, the ranks of delta
matrices involved in CTEP are derived. A numerical example is
presented in Section 6 to compare the linearization classes, and
finally, in Section 7, a conclusion is drawn on the whole work.

The following basic definitions and results are applied throughout the paper: A € C"*1*™2 js the matrix of size n; X n, over C. A, AT and A*
represents the inverse, transpose and conjugate transpose of the matrix A, respectively. The Euclidean norm of the matrix A is denoted by

lIAll and the standard Kronecker product is denoted by &.

Definition 1. (Henderson et al., (1983)) The Kronecker Product (Q) for two matrices A and B is defined as A @ B = {aijB}, where a;; are the

th

elements in it row and jt" column of the matrix A.

Definition 2. (Tracy & Singh, (1972)) Tracy-Singh product of partitioned matrices: Let an m X n matrix A be partitioned into the m; X n;
blocks A;j and a p x q matrix B into the py X q; blocks By, such thatm = ¥I_; my, n = ¥5_1nj, p = Loy Pio 4 = Li=1 ;- The Tracy=Singh

product A © B is a mp X nq matrix, definedasA © B = (Al-j (O] B)ij = ((Aij ® Bkl)kl) _, where the (ij)"h block of the product is the m;p X
ij

n;q matrix A;j O B, of which the (kl)th subblock equals the m;p; X n;q; matrix A;; @ By;.

A A B B
For example, if we take A = ( 1 12) and B = ( 1 12),' then the Tracy-Singh product is defined as,

Ayr Ay By1 By
A;; @By
A®B=<A11®B A12®B)= A1 ® Byy
Ay OB A OB Az ®Byy
Az ® By
71

A11 ® BlZ A12 ® Bll A12 ® B12
All ® B22 A12 ® B21 A12 ® B22
A21 ® BlZ A22 ® Bll A22 ® B12
A21 ® BZZ AZZ ® B21 AZZ ® BZZ
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We will denote the Tracy-Singh Product by a map TSP.

Definition 3. (Muhi¢ & Plestenjak, (2010))) Tracy-Singh reordering of two block matrices A and B is given by a map TSR, such that
TSR(A® B) = A ® B, i.e., we reorder the columns and rows of the Kronecker product A @ B, to obtain the Tracy-Singh product.

Theorem 1. (Tracy & Jinadasa, (1989)) When A and B can be partitioned into equal-sized blocks, then Tracy-Singh product A © B and the
Kronecker product A @ B are permutation equivalent.

Definition 4. (Hochstenbach, (2003)) The generalized eigenvalue problem (GEP) is to find the pair (A, x) that satisfies the matrix equation of
the form Ax = ABx, where A and B are any matrices over C, x is a non-zero vector, and A is the spectral parameter.

Definition 5. (Atkinson, (1972)) LMERP is to find the scalars A; € C and the corresponding non-zero vectors x; € C™i such that,
( W, (Dx,

Wn(l)xn
WX, Q) = %(x;xl _y =0 (8)
[ %

l% (x;an - 1)

where W;(A) 1= —Ay + X7-1 4 Ayj; Ayj € T ii=1:m; j : = 0:n. L2EP being the special case of LMEP when n = 2.

Definition 6. (Hochstenbach et al., (2012)) Let Q(4, 1) : = {'<=o Z}“é A ,ujPij be any n X n matrix polynomial. Then, an In X In linear matrix

polynomial L(A, u) = Lo + ALy + uL, is a linearization of Q(A, u) if there exist polynomials M (A, u) and N (4, 1), whose determinant is a

A, 0
non-zero constant independent of A and u, such that Q(O W Iy =M, WL, N (A, w.
-1)n

3. General Theory of CTEP

The standard form of CTEP, which is being the special case PTEP when k = 3, is given by

]P)]_(l, #)xl = Ov

P, (4, Wx; =0, ©)

where
P (4 u) = B3Az0 + P2pdpy + AuPArp + 13 Ags + 12 Ao + AuAry + p?Agz + AAgg + Aoy + Ao

P,(A, 1) = 23B3g + A*uByy + AU?By; + u3Bosz + A2Byg + AuByq + u? By, + AByg + By + Boo; and Ay, B;j are n X n matrices over C; i
:=1:2, j:=0:9 such that at least one of the matrices Az, Aoz, B3o, Boz, A21, A12, B21, B12 is nonzero.

The CTEP appears in prior work (Muhi¢ & Plestenjak, 2010) (Example 20), where the problem is linearized into a L2EP. However, the
authors did not provide proof of the Kronecker structure involved in theory, similar to the quadratic case, due to the complexity arising in
the respective Kronecker canonical structure. For a given CTEP defined in (9), we investigate the L2EP,

LOG ww; = (L5 + ALY + pL ) wy =0
(10)
LOG ww, = (L + ALY + uL. P Y w, = 0

where w; € C®" 0; ]L]@ € CO™X6" j:=1:2,j = 0:2, such that (10) agrees with the eigenvalues of (9). Converting the problem into a system
of joint GEIP in the tensor product space is considered the de facto method, known as the Delta method (Atkinson, 1972) for spectral analysis
of the problem. The equivalence between the problem LL2EP and the corresponding joint GEIP can be established by transforming the
problem into a commuting pair of specific operator matrices with the following operator determinants,

4,:=LP @LY - LY @ LY
4,:=LP QLY - L @ L4, : =L @ LY - LY ®@ LY (11)

Then each 4;, i:=1:2is N X N matrices, where N : = 36n2. The system (10) is referred to as singular or nonsingular, according to the
operator matrix 4, specified in Equation (11). The proof for the singularity of 4, has been discussed in Section 5, along with the other two
operator matrices 4, and 4, using Tracy-Singh product. For spectral analysis, the linear PTEP is generally considered as nonsingular and a
commuting tuple of the form I' : = (I3, I3) is used, where I} : = Ag*4;; i : = 1,2 and is equivalent to a system of joint GEPP of the form given

by,

72 DOl:https//doi.org/10.22452/mjs.vol44n01.9
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Au=Nhou; j:=1,2; (12)

where u = w; ® w, € CV is a decomposable tensor. System (10) is called linearization of CTEP defined in (9).
Theorem 2. (Atkinson, (1972); Muhi¢ & Plestenjak, (2010)) For given values a,, a; and a,, the homogeneous problem,
(770 IL((Jl) +n ILgl) + 1, ILgl)) w; =0
(oS +mLP + 7,1 Yw, = 0 (13)
satisfies the following equivalent conditions

1. The matrix 4 = Y2, a; 4, is singular.
2. There exists an eigenvalue (1g,1,7,) of the system (12) such that ¥.7_,n; a; = 0
The same result for nonsingularity has been stated in the following way also.

Theorem 3. (Atkinson, (1972); Muhi¢ & Plestenjak, (2010)) The homogeneous LMEP
X_om; Ayjx; =0 (14)

where A;; € C*™, fori =1,..,kandj =0, ..., k is said to be nonsingular if there exists a nonsingular linear combination of the operator
determinants A;’s, i.e., A = YX_ a; A;. This is equivalent to the condition that, if ) = (g, M, ..., M) is an eigenvalue of (14), then YX_, a; n; #
0.

Theorem 4. (Cox et al., (2005)) (Bezout’s theorem) Two projective curves of orders n and m with no
common component has precisely nm points of intersection counting multiplicities.

4. Linearization of CTEP

In this section, we present three different types of linearization techniques of CTEP. Two of them are the general linearization, resulting in
a singular L2EP, with coefficient matrices of size 6n X 6n and 9n X 9n, respectively. The singularity conditions for the associated GEP is
shown with the help of Tracy-Singh reordering in 4;’s. The third type of linearization is done by replacing nonlinear terms with new variables,
which formulates a nonsingular linear nine-parameter eigenvalue problem (LL9EP) so that more efficient methods for solving nonsingular
problems can be applied in this case.

Standard Linearization
For a given CTEIP, and by following definition 5, we can linearize the CTEP into a L2[EIP (Muhi¢ & Plestenjak, 2010) of the form,

[Aoo Ay Apr Az An Aoz] [0 0 0 Az Axn A12] [0 0 000 A03] [Axl]
| 0 -1 0 0 0 0 I 0 0 O 0 0 00 00 0 O | | x1|
[fo o -1 o o o0 000 0 0 0 I 000 0 off#]_
| 0 0 0 -1 0 0 +AO I 0 O 0 0 +‘u0 00 0 0 O |/12x1 =0
\lO 0 0 0 -1 OJ lO 01 0 0 OJ lO 0 0 0 O OJ/ Auxy
0 0 0 0 0 -1 0 0 0 O 0 0 007 00 O wix,
[Boo Bio Bo1 Bz Bi1 Bo: [0 0 0 Bz By B12] [0 0000 303] [sz 1
0 -1 0 0 0 0 I 0 0 O 0 0 00 0 0 O0 O | | X2 [
[fo o -1 o o o 000 0 0 0 I 00 0 0 O0]J|#2]|_
| 0 0 0 -1 0 0 +4 01 0 O 0 0 tu 00 0 0 O0 O | Ax, = 0. (15)
\lo 0 0 0 I OJ [001 0 0 OJ looooo OJ/Aﬂxz
0 0 0 0 0 -1 00 0 O 0 0 0 0 I 0 0 O uzx,
Comparing Equation (15) with that of the Equation (10), we have,
[Aoo A Aor Az Ann Aoz] [0 0 0 Az 43 A12]
0 -1 0 0 0 0 I 0 0 O 0 0
[[‘(1)=I 0 0 -1 0 0 0 | I[‘(1)=I0 00 O 0 0 |
0 0 0 0 -1 0 oY 1 01 0 0 0 (1
[ 0 0 0 0 -1 0 J lO 01 O 0 0 J
0 0 0 0 0 -1 0 0 0 O 0 0
0 0 0 0 0 Ay Boo Bio Bor Bz Bi1 Bo:
00 0 0 O0 O 0 -1 0 0 0 0
-1t oooo ol@o_f0 0o -1 0o 0 o0
2 |00000 0|’° |0 0 0 -1 0 0|‘
l0 0 0 0 O 0J l0 0 0 0 -1 0J
0 0 I 0 0 O 0 0 0 0 0 -1
73 DOl:https//doi.org/10.22452/mjs.vol44n01.9
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L? =

OO OO ~O
[=NeRoNoNe N
O~ O OO
<D<D<D<DO:§w
<D<D<D<DO[§w
[=N N No NNl
~ O OO OO
[= e Nelo NNl
[= e NelNoNo Nl
OOOOO?\?J
—

|[
For the first Equation in (15), consider,
1 X1
A Axy
u Hxq
A= Az'andW1=A®x1=/12x1'
Au [ A, |
#2 12xq
Thus, x; is an eigenvector corresponding to the eigenvalue (A, n) of IP; (A, W) from Equation (9) if and only if w; = A ® x; is an eigenvector

corresponding to the eigenvalue (A, 1) of L& (A, w) from Equation (10). Now, using the definition 6, we demonstrate that LD (A, ) is a
linearization of IP; (A, ). For that define

I, 0 0 0 0 0
M, 0 0 0 0 I
w, 0 0 0 I, 0
NAW=lz o o0 1, 0 of
M, 0 I, 0 0 0
2L, L, 0 0 0 0J
[In SIAW S;(A ) Ay +AAze Ayp +AAy Agp A + P-Aos]
|0 0 wly, 0 0 I, |
lo o AL 0 I, 0
MAW=ly 0 I, 0 0 ¢
lo o -1, 0 0 0 |
lo -1, 0 0 0 0 |

where S; (A, W) = Ao + My + 22430 and S, (A, 1) = Agy + Ayq + 224,51 + pdg, + Apdy, + n?4g3. Then we can check that,

MO,WLOAWNQ, P = (Pl(())\' W Ign)'

Thus, we have det P; (A, p) = a det LD (A, ), for some a # 0. This indicates that LY (A, ) is a llinearization of P; (A, 1) and it preserves
the eigenvalues of P; (A, ). Similarly, we can also check for the second Equation of (15).

Khazanov Linearization
This approach was presented by Khazanov (2007). In this approach, we first write IP; (4, 1) as a polynomial in A.

(BPAzo + 22(UAz1 + Agg) + AP A1z + A1y + Arg) + (U3Ags + Aoy + Ags + Ago) X, = 0. (16)

Now, by using the first companion form, Equation (16) can be linearized as,

0 0 Az 13Ags + P Aoy + Aoy +Agg  UPA1p + A1y + Ay Az + Ay X1
Alo 1 0|+ 0 0 -1 Axy | = 0. (17)
I 0 0 0 -1 0 22xy

Now, by considering the polynomial in u, we obtain

Aoz 0 0 Aoz A1z O Aor A1 Apx Ago A1p Adze + Az *1
pBlo o of+u*lo o of+uxlo o of+|[0 M -1 x| =0. (18)
0 00 0 0 0 0 0 0 Al -1 0 2%y
By using the first companion form for linearization, we have
74 DOl:https//doi.org/10.22452/mjs.vol44n01.9
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/[ Agz 0 0] Ago  A1o
| 0 0 0 0 of] [0 Al
Iu[ 0 0 0j+ A =1
0 Iy 0 [
\ Isn 0O 0
which can also be rewritten as
r0 0 0 0 0 0 Ayz 0 07
0O 0 0 0 0 0O 0 O0@O
( 0O 0 0 0 0 O 0 0O
o 0 0L, 0 O O 0O
I'“ o 0 o oI, 0 0O OO
| o 0 o o oI, O OO
| 1, o o o o 0o 0o o0 0
\ 0, 0 0 0 0 0 00O
0 0 I, 0 0 0 O O Ol
This is equivalent to
0 0 A30 0 0
o5, 0 00
I, 0 0 0 O
0 0 0 o0 O
AlO 0 0 0 O
0 0 0 o0 O
0 0 0 o0 O
0 0 0 o0 O
'0 0 0 0 O
Ao A10 Azo
0 0o -I,
0o -1, 0
0 0 0
+| 0 0 0
0 0 0
0 0 0
0 0 0
L 0 0 0

[l eNeNoNoNoNeNeNe)

AA30 + AZO
—I
0

0
Al
0

o O o oo

[l eNeNoNoNoNeNeNe)

2

o
-

[N N

OOSN

[Ago

AlO

AL,

_In
0

OO o oo

[« eNeNeNoNeNo e Nl
SO OO0 O OO0

oS

fley
[

OO OO oo

O:~

%
Axy
Aoy An An] [Ae A O\ | A
0 0 0 0 o0 0”\ KXy
0 0 0 o o oll]f M =0 (19)
0 —I3, J/ Aux,
—I3, 0 u?x;
Au?x,
(A% u%x, ]
Azo+ A0 Aor Ann Az Az Az 0N Axl
—I, 0o 0 0 0 0 o0 le
0 0 0 0 0 0 0 \ A%xy
0 0o 0o 0 —-I, 0 0 Hxg
0 0o 0 0 0 —I, 0 I Auxy 1= 0. (20)
0 0 0 0 0 0 -—IL|[|*w
0 -, 0 0 0 0 0]l
0 0O -, 0 0 0 0 / AP,
0 0 0 -, 0 0 0l [zl
0 0 0 0 0 0 Ag 0 O
00 00 00O 0 00
00 00 00O 0 00
0 0 0I, 00 0 00
+ulo 0 0 0, 0 0 0 0
00 00 0L 0 00O
b, 0 0 0 00O 0 0O
0 I, 0 0 0 0 0 00O
o0 071, 0 0 0 0 O ol
Ay Ap A 0 M 21
0 0 o0 of M
0 0 o o]f ¥
0 -1, 0 o[l wa
0 0 -1, o0 || A=y,
0 0 0 —I,||APux
0 0 0 0 || p?x,
0 0 0 0 A‘ule
L 00 0 J]j2,2y

This linearization is called Khazanov Linearization. Proceeding similarly for P, (A, u), the respective linearization can be obtained. In the place
of the first companion form of linearizations in Equations (17) and (19), if we use different forms of linearizations, we obtain further
linearizations with 9n X 9n matrices. The size of the matrices in the Khazanov linearization in Equation (21) is 9n X 9n, which is larger than
that of the Standard linearization (6n X 6n). Thus, the Khazanov linearization is numerically less efficient than that of the Standard
linearization. Moreover, one can further deduce the standard linearization from the Khazanov linearization of (21).

DOl:https//doi.org/10.22452/mjs.vol44n01.9
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Linearization Like Method

Consider the CTEP defined in (9), we introduce the new variables @ = A3, B = A%y, y = Au?, § = u3, 1 = 2%, v = A and 0 = u?. The
CTERP can be rewritten as a linear L9EP as follows:

((ZA30 + ﬁAz]_ + VA12 + 6A03 + ?’}AZO + VAll + UAOZ + /1A10 + I.lAOl + Aoo)xl = O,

(0(330 + ﬁBz]_ + ]/Blz + 6303 + 77320 + VBll + O-BOZ + ABIO + /1301 +

orocoro

00
0 1
00

(

+u

0 0 O
([0 10
0 0 O

0
-1
0

0

0

0
0
0

[0 0 O 0
<0 1 0f+4|-1
0 0 O 0
[0 0 O 0
+4]-1 0 0f+wu|0
L0 0 O 0
[0 0 -1
+4]0 0 0 (|+u
0 0 O

[0 0 O 0
(0 1 0)+ul-1
0 0 O 0
0 0 O 0
([0 1 0|+4]-1
0 0 O 0
0 0 0 0
+A[-1 0 Of+wu|0
0 0 O 0

-1 0 1 00
0 0|+ag|0 O OD

0 O 0 0 O

0
-1
0

[« NNl N

0

0

0
0
0
0
-1

0

-1
0

-

—17

0
0
0
—17

0
0.

coo oooo

+a

+B

+B

+4

+7

=

So-m CcoROCOROOROOROD O
COoOO0 COOCO0O0OO0C 0000000 OO

0. (22)

)

SO0 D000 O0O0O00CO0O0O0OO

|
I
I
|
|

Bgo)xz; =0,

NE
A11=0,

| 12]

17
A1=0,

| 12 ]

- 1 -
ul=0,

g

11
uil=0,

]

17
A1=0,

[ 12]

17
A]1=0,

| 12]

It can be seen that if ((A, w, x; ® xz) is an eigenpair of the CTEIP defined in (9), then

olifelslez]elileli]e]:

is an eigenpair of (22). For L9EP, the associated system of GEP becomes 4ju = 4;4ou; j:=1,...,9 (Atkinson, 1972). Khazanov
linearization and the Standard linearization produce a singular L2ZEP. On the other hand, the linearization method produces a nonsingular
L9EP, which can be shown by the following lemma.

Ao, A%, A, 02, 23, 2% 10, A%, 13), %1 @ %, @

1
A
AZ

Lemma 8. The homogeneous version of the nine-parameter problem defined in (22) is nonsingular.

Proof. We consider,

x| >
x| O

A

x| =
x| =
|

EXY RS
x|

Ny Y ,6 N ,V ,0

Multiplying each Equation of (22) by &, the homogeneous version of the problem is obtained as,

det(@Asz0 + fAz1 + VA1 + §Ags + fiAze + VAy; + Aoy + A1 + iAoy + RAgo) = 0,
det(@B3g + By + 7B12 + 8Bos + 1iBgg + ¥Byy + 6Byy + AByg + fiBoy + kByg) = 0,

ai — A% =0,
Bk — =0,
i — Ju? = 0,
Sk—ud=0,
ik — A2 =0,
ik — Aji = 0,
6k —p? = 0. (23)
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Now consider (12, A& B, 7, 6,7,7, &) to be an eigenvalue of (23) such that @ = 0. Then, the equations defined in (23) transform into

det(BAyy + FA1, + 840z + Az + VAyy + 6Agy + Ao + ildey + RAgy) = 0,
det(BByy + 7By + 8Bo3 + fiByg + VByy + 6Boy + AByg + fiByy + kByg) = 0,

-3 =0,

Bk — A2fi = 0,

7R — 2?2 = 0,

Sk—us=0,

fik — 22 = 0,

k=i =0,

6k —p? = 0. (24)

From the third Equation, we have 1 = 0. After substituting its value in the subsequent equations of (24) we obtain
Bk =0, 78 =0, 6k = Y3, fjk =0, ¥k = 0, 6} = 2.
For all of these conditions, two cases may arise.

3. If € = 0, then the sixth and the last Equation in (24) give u = 0. Thus, the remaining equations become,

det(BAyy + FA1, + 8Ags + Az + VA1, + 640;) =0,
det(ﬁBm + 7312 + 5303 + ﬁBZO + 17311 + &Boz) = 0,

which has no solution in the general case.

4, If € # 0, then for each of the above conditions, we obtain
5 _ < W _ .
:0, =0,6=T, :0, :O' = —.
B 14 PR v G==

Considering the value of §, we obtain the above system (24) as follows,

=5 ~ -
det(%Ao:; + %AOZ + %AOI + Aoo) =0
03 2 7
det(%Bo:g + %BOZ + %BOI + Boo) =0

This has no solutions in general. Thus, the problem defined in Equation (22) does not have an eigenvalue with @ = 0. It follows Theorem 3,
where the operator matrix 45 is nonsingular. Similarly, the operator matrices 4; for i = 4, ...,9 are nonsingular. O

5. Ranks of Delta Matrices

In Muhic¢ & Plestenjak (2010), the Kronecker structures for the Delta matrices of the QTEIP have been discussed extensively to prove the
similarity between the eigenvalues of the linearized form and the original nonlinear form. Due to the complex Kronecker structures for the
standard linearization (15) of CTEP defined in (9), they did not attempt to prove their ranks and related theory. The ranks of the Delta
matrices will help us discover interesting structures and prove the singularity of the L2EP defined in (15). These results can be viewed as a
continuing series of proofs demonstrating that, in accordance with Theorem 17 in Muhi¢ & Plestenjak (2010), the eigenvalues of (15) and (9)
are identical.

Determining the rank of Delta matrices is crucial to understanding the nature and number of eigenvalues. Through rank determination, we
show that all linear combinations of the corresponding operator determinants are singular. When determining the ranks of the Delta
matrices, it is more straightforward to work with the Tracy-Singh product rather than the Kronecker product, as demonstrated by Definitions
2,3,and 4.
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Finding the rank of A,

Consider the operator determinant 4, defined in (11). The structures of sub-matrices of 4, become
Ago

[l Rl e M)

AlO

cococoooc ocooo ]l

AOlAZO
0 0
-1 0
0 -I
0 0
0 0
000
000
000
000
000
I 00
0 0 Ba
00 0
00 0
I 0 0
01 0
00 0

If we apply the Tracy-Singh reordering to 4,, we obtain

A1 Ag [0 0 0 Az A A12]
0 0 I 00 O O O
o ol w_l0o0o0 0 o o]
o ol ™ Tlor o o o 0|’
-1 0 0071 0 0 0
0 —1J 000 0 0 OJ
Aos] [Boo Big Bo1 Byo B Boz]
0 0 —-I 0 0 0
0lp@_|0 0 -1 0 0

o I 0o 0 o0 -I ol
OJ lo 0o 0 o0 -—I oJ
0 0 0 0 0 —I
B,1 Bi 0 0 0 0 0 By

0 o] [0 00 0O 0]

0 0|l @_|1 0000 Of

0 0|‘ 2 |0 0000 0|

0 0 000 00 O

0 OJ l0 01 00 0J

0 S
TSRWo) = [ o

where S € C6™X18n” gnd T € C307*%18n° The block structure representation of S is found to be of the form S =[A B C]; where

[

C =

I
|

_A03 ®I
A12 ®I

Similarly, the block representation of T can be determined as

—— e

where D

coco®o o
~
cocoococoo

Roococoo

0 0 0 0
0 0 0 0
A_A30®1 0 0 0
0 0 0 0
0 0 0 0
[ 0 0 A3, ®1 0
0 0 0 0
0 0 0 0
B_Az1®1 0 0 0
0 0 0 0
0 0 0 0
0 0 Ay®I 0
0 0 0
0 0 0
—Aps R 1 0 0
0 —Aps ® 1 0
0 A Q1 0
0 0
0 0]
F 0}
0 G
0 H
1®Bos]
U
0 |
o |
0 |
0
78

Asp @ Bys]
0

0
0
0
0

Az @ By

[=NeNeleNoNolloloBoloNeoN -]

(=R e R i)

_A03 ® BZl

[« =Moo Nl

A1, ® Boz —Ap3 ® 312]

0

[N w]

[ —
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0 0 0 —1®B3y —IQ®By;; —1® By,
-I®I 0 0 0 0 0
gl 0 0 0 0 0 0
0 —-I®I 0 0 0 o |
0 0 -I®I 0 0 0o |
L 0 0 0 0 0 o |
0 0 0 0 0 I®Bg
0 0 0 0 0 0
Fo|l® 0 0 00 0
0 0 0 0 0 o |
0 0 0 0 0 0
L 0 0 I®I 0 0 0
0 0 0 0 0 IQ®By
0 0 0 0 0 0
c|f®r 0 0 00 0
0 0 0 0 0 o |
0 0 0 0 0 0
L 0 0 I®I 0 0 0
0 0 0 —1®B3y —-I1®By; —I1®Bg;
—I®I 0 0 0 0 0
P 0 0 0 0 0
0 —-I®I 0 0 0 o |
0 0 -I®I 0 0 o |
0 0 0 0 0 o |

Considering the matrices Ays, Asq, A1z, 421, B3g and Bgzas nonsingular, we conclude that the rank of S is 6n? and the rank of T is14n?. Thus,
the rank of 4, can be found as 20n? < 36n2.

Since 4, is singular, the associated L2EP defined in (15) is also singular. Using a similar technique, the singularity of Khazanov linearization
can be proven as well.

Finding the rank of A,
Consider a related problem
P14 1) = Ago + 1Agr + U2 Aoy + 13 Ags,

P,(4, 1) = P (A, 1) = A*Bsg + A2UByy + Au?Byy + U3Boz + A*Byg + ApuByy + 4?Boz + AByg + (tBo; + By (25)

By linearizing IP1 (4, 1), we get

Ao Ao1 Aoz 0 0 Ags
Law=|o0 0 —I|+uf0o I O
0 -1 0 I 0 0
P (4, ) is linearized as in P, (4, ).
[Boo Bigp Bo1 Bz Bix Boz] [0 0 0 B3y By B12] [0 0 0 00 303]
0 -1 0 0 0 0 I 0 0 O 0 0 00 0 0 O 0|
0 0 -1 0 0 0 00 0 O 0 0 I 00 0 0 O
L, (4 = A
2AW=10 o o -1 o oo 10 0 o o|™o o000 0 o
lO 0 0 0 -1 OJ lOOI 0 0 OJ [00000 OJ
0 0 0 0 0 -1 0 0 0 O 0 0 0 0 I 0 0 O
Now, these two linearizations can be rewritten in the form of (10), where the coefficient matrices are
Ao Ao1 Aoz 0 0 A
=10 o -r|, L®P=o, ILS):[O I 0
0 -1 0 I 0 O
and
[Boo By Bo1 B Binx Boz] [0 0 0 By By 312]
0 -1 0 0 0 0 I 0 0 O 0 0
L® = 0 0 -1 0 0 0 L® = 00 0 O 0 0
0 0 0 0 -1 0 oV 1 07 0 O 0 0
[ 0 0 0 0 -1 0 J lO 0 I 0 0 0 J
0 0 0 0 0 -1 00 0 O 0 0
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Then,

2, =1 QLY - LY @ LY.

This shows that 47 is non-singular.

(=N N NoNo Nl

~ o oo oo
S o oo oo

SO o oo oo

OOOOOéw
—e

Let A be singular. By Theorem 6, the system (10) has an eigenvalue (1o, 0,1,) such that (1y,1,) # (0,0). As in the general case, ]ng) is
nonsingular, so 17y # 0, which indicates that the original problem has an eigenvalue of the form (0, it). Therefore, 47 has to be nonsingular.

By the Tracy-Singh product of 4;, we have

S11
0
TSP(4,) = 5(3)1
0
0
where
0 0 0 0 0 _AOO ® 3037
0 0 0 00 0
5. = =40 ®1 O 0 00 0
= 0 0 0 00 0 ’
0 0 0 00 0
0 0 —4po®I 0 0 0
0 0 0 0 0 —A;p ® Bys]
0 0 0 0 0 0
S = -4, QI 0 0 0 0 0
1z~ 0 0 0 0 0 0 ’
0 0 0 0 0 0
0 0 -4,,®I 0 0 0 i
0 0 0 0 0 _A01 ® 3037
0 0 0 00 0
S —401®1 O 0 00 0
3= 0 0 0 00 0 ’
0 0 0 00 0
0 0 -4, ®1 0 O 0
0 0 0 0 0 —A4,,® Bys]
0 0 0 0 0 0
S = —4,0®1 0 0 0 0 0
4= 0 0 0 0 0 0 ’
0 0 0 0 0 0
0 0 —4,0®I 0 0 0
0 0 0 0 0 _A11 ® Bo3_
0 0 0 0 0 0
G = -4, ®1 0 0 0 0 0
5= 0 0 0 0 0 0 ’
0 0 0 0 0 0
0 0 -4, ®1 0 0 0

S12
S22
0

0
0
0

S13
0
S33

80

514

Sis

516
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[A03 ® BOO A03 ® BlO A03 ® BOl A03 ® BZO A03 ® Bll A03 ® BOZ - AOZ ® 303]

0 —Apz R 1 0 0
S _|_A02®1 0 _A03®1 0
16— 0 0 0 —Apz R 1
0 0 0 0 —Apz ® 1
0 0 _AOZ ®1 0
I®By IQ®Byy IQ®Byy [®Byy IQByy
0 -1Q1 0 0 0
_ |l o 0 -1Q1 0 0
Sa=Sa=| 0 0 -I® 0
| o 0 0 0 -IQ1
L o 0 0 0 0
[ 0 0 0 00
| O 0 0 00
I®I 0 0 00
522=533=544=555=566=| % 0 0 0 0
[ 0 0 0 00
0 0 I®I 0 0
Now, by the Tracy-Singh reordering of 4}, we obtain
TSR(4}) = (

If we perform Tracy-Singh reordering in 44, then we have

S11 S13 S16 S14 Sis
S;1 Sz 0 0 0
Se3 Ses 0 O
0 0 0 S, O
0 0 0 0 S
0 0 0 0 O

o

TSR(4,) =

Since TSR(4}) is nonsingular, the remaining diagonal block entries S,,, S44, and Sssof TSR(4;) yield a maximal rank 9n?, assuming By is

nonsingular. Thus, this shows that the matrix 4 is of rank 27n2.

Finding the rank of A,
Consider a related problem, where
IP’l(A, H) = AOO + AAIO + AZAZO + A3A30,

P, (A, 1) = P1(4, ) = A*B3g + A*uByy + AU Bia + U3Bog + A°Bag + AByy + p1?Boy + AB1g + uBoy + Byo (26)

By linearizing IP; (4, ), we obtain

AOO
Liw=|o
0

P% (4, 1) is linearized as in P, (4, ).
BOO BlO BOI BZO Bll BOZ 0 0 0
0 -1 0 0 0 0 I 0 0
, o o -r o o o],,J0o 00
LZ(’L”)_| 0 0 0 -1 0 0 |+’1|0 I 0
lO 0 0 0 -1 OJ lO 0 I
0 0 0 0 0 -1 0 0 O

E
0
0

o

N
iy

OOOOO(.EU
=}
[=NeNoNoNe
OOOOO»—iw
N
OO O ~O

oo o oo o
~ o O o oo
oS O O oo
oo oo oo
OOOOOéw
—_—

0

Now, these two linearizations can be rewritten in the form of (10), where the coefficient matrices become

AOO AIO AZO
=10 o -I
0 -1 0

and

, LY =0,
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[Boo Bigp Bo1 B Binx Boz] [0 0 0 By By 312]
0 -1 0 0 0 0 I 0 0 O 0 0
L® — 0 0 -1 0 0 0 IL(Z)=|0 0 0 O 0 0|
0 0 0 0 -1 0 oV 1 071 0 O 0 0
lO 0 0 0 -1 OJ lO oI 0 0 OJ
0 0 0 0 0 -1 00 0 O 0 0

[0 0 0 0 O 303]

0 0 00 0 O

L® =|I 00 0 0 O |

2 000 0 O0 O0fF

lO 0 0 0 O OJ

0 0 I 0 0 O

Then,
2y =L’ ®L? - L @ LY.
We claim that A’ of the related problem is nonsingular.

Let us consider 4 to be singular. By Theorem 6, the related system (10) has an eigenvalue (14, 1, 0) such that (ny,1,) # (0,0). Asin the

general case, the matrix ]ng) is nonsingular, so ny # 0, which indicates that the original problem has an eigenvalue of the form (4, 0). So
%, must be nonsingular.
By the Tracy-Singh product of 4,, we have,

S11 S12 S13 S1a S15 Sie
Sy1 Sz O 0 0 0
0 0 S33 O 0 0
TSPA)=|0 s, 0 S, 0 o}
0 0 Ss3 0 Ss5 O
0 0 0 0 0 Se
where
0 0 0 Apo @ Bzg Apo @By Apo @ 312]
A ®1 0 0 0 0 0 |
5. = 0 0 0 0 0 0
1 0 Agp ® 1 0 0 0 0 '
0 0 A ® 1 0 0 0
0 0 0 0 0 0
0 0 0 A0 @Bz A1 ® By A ® 312]
A @1 0 0 0 0 0 |
5. = 0 0 0 0 0 0
12 0 A, ®1 0 0 0 0 '
0 0 A ®1 0 0 0
0 0 0 0 0 0
0 0 0 Aot ® B3y Aps ® Byr Apr ® By,
A ® 1 0 0 0 0 0
¢ .| o 0 0 0 0 0
13 0 Ap®I 0 0 0 o I
0 0 A ®1 0 0 0 l
0 0 0 0 0 0 J
[—A30 ® Bop —Az0 @ Big —A30 ® Boy  Azo ® Bzg — Azg @ Bag Az @ By —Az0 @ By Azo & Bz — Az @ Boa]
Ay ®1 Az Q1 0 0 0 0
s 0 0 Azo ® 1 0 0 0
147 0 Ay @1 0 Azg @1 0 0 '
0 0 Ay ®1 0 Az Q1 0
L 0 0 0 0 0 Az ® 1 |
[—A21 @ Boo —A21 @ Big —A21 ® Bor A1 @ By — A3 @ By A11 ® Bay — A1 @ Bix A1g @ Biz — 421 @ By ]
AL QI Ay QI 0 0 0 0
S = 0 0 Ay @1 0 0 0
0 A, ® 1 0 Ay @1 0 0 '
0 0 A ®1 0 Ay @1 0
L 0 0 0 0 0 A ®1
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516
_A12®BOO _A12®BIO _A12®BOI A02®BZI_A3O®BZO A02®BZI_A12®BII A02®BIZ_A12®BOZ
[A02®I AL, Q1 0 0 0 0 ]
N 0 0 A, Q1 0 0 0 [
- 0 Ay @1 0 AL, Q1 0 0 '
0 0 Ay @1 0 AL, Q1 0
0 0 0 0 0 A, Q1
—I1®By —1®Byy —1Q®Byy —-I1Q®Byy —1®B;; —IQ By,
[ 0 IQI 0 0 0 0 ]
g | o 0 IQI 0 0 0o |
2= 0 0 IQI 0 o |
[ o 0 0 0 Q1 0o |
L o 0 0 0 0 Q1 ]
[ o 0 0 ~1®Bs, —I®By —I1®Bi,)
[-IT®1 0 0 0 0 0 |
S22 = S33 = S44 = Sg5 = Sg6 = 8 —IO®I g 8 8 8 ’
0 0 —-IR®I 0 0 0
0 0 0 0 0 0
(I ®Byg —I®Byy —I&®Byy —1Q®Byy —I1Q®B;; —I1®& Byy]
0 IQI 0 0 0 0
S = 0 0 IQI 0 0 0
42~ 0 0 0 IQI 0 0 ’
0 0 0 0 IQI 0
L 0 0 0 0 0 Q1 |
(I ®Byg —I®Byy —I&®Byy —1Q®Byy —IQ®B;; —I1®& Byy]
0 IQI 0 0 0 0
S 0 0 IQI 0 0 0
53 7 0 0 0 IQ1 0 0
0 0 0 0 IQI 0
L 0 0 0 0 0 IQI

By using the Tracy-Singh reordering of 4%, we have

S11 S12 Sia
TSR(43) = S21 S22 Saa |-
Si1 Saz Sy

Again, with the Tracy-Singh reordering of 4,, we obtain

Since TSR(4}) is nonsingular, the remaining block entries S33, Ss3, Sss and See of TSR(45) give us a maximal rank of 12n?, assuming B;;
are nonsingular. Thus, this shows that the matrix 4, is of rank 30n? < 36n2.

In the next section, we consider a randomly generated CTIEP, where the coefficients matrices are taken as real diagonal matrices. Then,
we compare the eigenvalues obtained through the standard linearization and the Khazanov linearization processes. The results obtained in
the case of the standard linearization via MatParEig Package (Muhi¢ & Plestenjak, 2010) are considered the correct ones. On this basis, the
approximation for the eigenvalues are found via an algorithm designed in MATLAB.

The linearization-like method reduced CTEIP into a nine-parameter linear problem, the L9EP. It requires more computational time to find
the numerical solution due to an increase in the number of linear equations. Moreover, the dimensions of the corresponding A; matrices
induced via Kronecker product also increase, making them sparse and computationally inefficient. Therefore, the linearization-like method
is slower than the other two methods. The analytical comparison of the linearization-like method with the other two methods is omitted
here due to the time complexity issues in calculating the corresponding Kronecker structure.
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6. Numerical Example
Consider a CTEP,

Py (A, )%y = (AAze + 2oy + AP Arp + (P Ags + A2 Agg + AptAry + iAoz + AA1o + pthor + Ago) ¥y = 0;
P2 (A, 1)x; = (A*B3g + A2uBpy + A? By + P Bos + A*Byo + AuByy + p?Bog + AB1g + Boy + Bog)xz = 0;

with randomly generated diagonal matrices, A;; and B;; of order 2 X 2.

Aoo = [0'8347 0.9234]'/110 N [0'63 “ 0.5(4169]"401 N [0'93 " 0.9(;06]'
A20 = [0'9372 0.1?;19]‘/111 N [0'4318 0.9(;95]"402 - [0'6357 0.9240]'
430 = 0'6587 0.3%221"‘21 = [0'6355 0.0(;18]"412 = [0'20769 0.8235]’
A =[5 o gaaal
Boo = [0'1(?69 0.6263]’310 - [0'7(())94 0.6(;97]’301 - [0'6351 0.4%84]’
By = [0.9397 0.2338]’311 _ [0.7313 0.6(())91]’302 _ [0.8309 0.1(;86],
B0 =107 g asaal B = [0 asaol B =[M0% oaaril

3032[0.3317 .l

0.5497

To compare the numerical results obtained from Standard linearization and Khanzadeh linearization, we used the MultiParEig toolbox
developed by Plestenjak (2023) on a Windows 11 operating system with an AMD Ryzen 5 5500U 2.10 GHz processor. The results are shown
below.

Table 1

Standard Linearization Khazanov Linearization

1.0092+0.0000i

-0.3421+0.0000i

-0.343210.8405i

-1.311440.2309i

-1.067240.1223i

-0.7862+0.0000i

0.334910.0446i

-1.0856+0.0000i

-1.561440.2974i

-1.061040.0111i

-1.4499+0.0000i

-0.7805+0.0000i

-0.95101£0.0087i

-0.9173+1.4685i

-0.385240.9591i

-0.5743 +0.0000i

-0.5398+0.8207i

0.7836 + 0.0000i

-0.013341.7493i

-0.016840.5738i

1.0092 + 0.0000i

-0.3421 +0.0000i

-0.343210.8405i

-1.311440.2309i

-1.067240.1223i

-0.7862 +0.0000i

0.334910.0446i

-1.0854+0.0000i

-1.561440.2974i

-1.060240.0109i

-1.4499+0.0000i

-0.7805+0.0000i

-0.95101£0.0087i

-0.9173+1.4685i

-0.385240.9591i

-0.5743+0.0000i

-0.5398+0.8207i

0.7776 + 0.0000i

-0.013341.7493i

-0.009840.5834
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0.37681+0.6614i

-0.106841.2095i

-1.022440.5267i

-1.0978+0.0000i

1.1408 + 0.0000i

-0.305140.7180i

-7.959846.4034i

0.8733+0.0768i

0.3425+1.2010i

-0.0348+0.3753i

0.2789+1.4519i

0.3238+1.0721i

-0.049140.5295i

-0.626510.5461i

-0.7238 +0.0000i

-90.1367+0.0000i

0.1179+0.8142i

-4.904745.8520i

0.0933+1.6336i

-0.7668+0.1594i

-0.8454+0.1057i

-1.161340.1619i

0.3768+0.6614i

-0.422743.7101i

0.2789+1.4519i

-1.0978+0.0000i

0.3469 + 0.0000i

-0.426740.6475i

0.6625+0.4573i

0.5203+0.7182i

0.2367+1.0175i

-1.0498+0.4383i

-0.408041.4486i

0.3238+1.0721i

1.8669+0.5291i

-1.161340.1619i

-0.7238+0.0000i

-1.0288+0.0000i

0.1663+0.9384i

0.3300£1.3700i

-1.021440.4763i

-0.718210.4862i

-0.4927+0.4840i

0.2030%0.6769i

Regular Issue

By Bézout's theorem, a CTEP has 9n? eigenvalues; therefore, the problem considered above has 9n? = 9.22 = 36 eigenvalues. Both
methods calculate all the eigenvalues of the problem. The Standard linearization provides the exact eigenvalues. Through comparisons of
the eigenvalues obtained by Khazanov linearization, we find that most eigenvalues, except for a few, match those obtained from the Standard
linearization. In the MATLAB environment, the execution time for the Standard Linearization process is 1.267792 seconds, while Khazanov
Linearization takes 0.431789 seconds. The Khazanov linearization is faster due to the small size of the coefficient matrix and the absence of
antidiagonal elements. For small-ordered matrices, Khazanov linearization may be preferable to Standard Linearization. However, Standard
linearization consistently yields better results when dealing with higher-order matrices.

7. Conclusion

We described the Kronecker canonical structures of CTEP
obtained through different linearization processes, including
standard linearization, Khazanov linearization, and
transformation to L9EP. These approaches can be used to find
numerical solutions of CTEP by applying existing numerical
methods to solve LMEPs. We compared the first two singular
linearizations through a numerical example. The calculation via
L9EP is omitted here due to its higher computational time
requirements. The Kronecker structures of A; matrices for i:=0:2
have not been extensively studied because of their complex
structures in CTEP. These structures and their ranks can assist in
developing proofs for the number of manifolds via algebraic
geometry in various methods (Dong, (2022)). All results are novel
and serve as a foundation for further study of the Delta matrices
of PTEP of degree k.
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